Abstract A simplified method has been developed for solving leaky aquifer nonDarcian flow hydraulics. The principle of volumetric approach is combined with the confined-aquifer, time-dependent drawdown equation in an observation well. The groundwater flow in the leaky aquifer is assumed to obey a non-Darcian flow law of exponential type. The results are obtained in the form of type-curve expressions from which the necessary bundles of curves are drawn for a set of selective non-Darcian flow aquifer parameters. Although application of the methodology appears as rather limited but it provides a scientific contribution and extension of leaky aquifer theory towards nonlinear flow conditions. The methodology developed herein is applied to some actual field data from the eastern sedimentary basin in the Kingdom of Saudi Arabia.
INTRODUCTION
In great sedimentary basins of the world, groundwater is found in a multiple of layers of different geological origin, such as siltstones, shales, sandstones and limestones, each of which has significantly different hydraulic parameters. The layers with comparatively higher hydraulic conductivity are referred to as aquifers, which include the groundwater in their elastic storages and transmit it easily to directions of pressure release. On this basis sandstone and limestone formations are among the most common aquifers of the world. Sedimentary formations like siltstone and shale may have as many as two or more order smaller hydraulic conductivity and accordingly are classified as aquitards which can transmit water but have negligibly small elastic storages.
In sedimentary basin aquifers, aquitards and aquicludes-which can store water but cannot easily transmit it-appear along a stratigraphie sequence rather randomly. Depending on the amount of water that an aquifer receives through its adjacent
Open for discussion until 1 February 2001 aquitards, it is either called a confined aquifer or a leaky aquifer. In the former, there is no significant intake through the aquitards and the whole withdrawal comes from the elastic storage of the aquifer alone. In the latter, in addition to the elastic storage of the aquifer, significant contribution from the aquitards exists. As the hydraulic conductivity ratio decreases between the aquifer and aquitard, leakage becomes appreciable and the flow is not restricted to the pumped aquifer.
The scientific investigation of leaky aquifer systems was initiated by De Glee (1930) with the Darcian, steady-state flow case. Transient effects of leakage on the aquifer were analysed by Jacob (1946) . The theory of leaky aquifer for nonequilibrium and Darcian flow was first developed by Hantush & Jacob (1955) under the assumption of vertical leakage through the aquitards, i.e. the aquifer replenishment from other aquifers varies linearly with the instantaneous difference in heads across the producing bed as shown in Fig. 1 . Later, Hantush (1960 Hantush ( , 1964 presented type-curve solutions. A brief review of relevant literature was presented by Neuman & Witherspoon (1969a,b) , who developed a complete analytical treatment with consideration of elastic storage properties of aquitards. Their solutions have been verified by the finite element method (Javandel & Witherspoon, 1968) . Recently, Sen (1996) provided volumetric solutions for the Darcian flow in leaky aquifers and type lines for aquifer parameter evaluations. Experimental data from different sources (Dudgeon, 1964; Slepicka, 1961; Swartzendruber, 1962; Wilkinson, 1956 ) have helped to evolve a general consensus that there are upper and lower limits beyond which Darcy's linear law does not hold for all the groundwater problem solutions. Deviations from the linear flow are due to either aquifer material composition such as coarse grains, fractures and solution cavities, or flow velocities leading to turbulent flow. For nonDarcian flow the head difference, or, more specifically, the hydraulic gradient increases proportionally with the specific discharge, but in a nonlinear manner. This nonlinearity causes bigger deviations from the linear law at high velocities even though the linear law may be valid at low specific discharges. Darcy (1856) observed during his experimental studies that most of his tests obeyed the linear specific discharge hydraulic gradient law, but he realized that there was an upper limit in terms of the specific discharge value approximately as 0.1 m s' for his materials. Since it is known that the specific discharge is proportional physically to the hydraulic gradient and conductivity, then any increase in these hydraulic parameters may lead to a nonlinear (turbulent) flow within the whole or part of an aquifer. For instance, in coarse grained porous and fractured media with relatively high hydraulic conductivity, the groundwater flow may be turbulent as was shown by Engelund (1953), and Basak (1977) . In fractured media a nonlinear relationship has been observed between the specific discharge and the hydraulic gradient by Louis (1969) , Snow (1968) , and Maini (1971) . The nonlinearity has been attributed to various factors such as kinetic energy effects, nonlinear pressure flow laws, leakage packers and increase in the fracture aperture.
The groundwater flow equation is dependent on the medium composition and the hydraulic gradient, and consequently Darcy's law seems universal but can be applied in the majority of situations. However, in practice, there appear situations where its application is questionable. Nonlinear flow is seldom, if ever, considered in groundwater movement, except for flow in the immediate vicinity of pumped wells. Although the inadequacy of Darcy's law at high Reynolds numbers has been widely recognized, the analytical treatments of the nonlinear groundwater flow problems toward wells have been very limited and for steady state flows only. Mathematical consequences of nonlinear flow laws are not simple to tackle. In fact, combinations of the continuity and nonlinear flow laws lead to a nonlinear partial differential equation, the solution of which is not possible with the conventional Laplace transformations. However, it is not justifiable to neglect deviations from the linear Darcy's law because of this mathematical difficulty. Even a modest attempt with practical solutions and application of their consequences leads to benefits that may not be commensurate with the extra difficulty in the analysis. A very detailed account of nonlinear flows is presented with references to numerous researchers by §en (1995). Last but not the least, a simplified methodology that takes nonlinearity into consideration has benefits compared to a methodology based on a linear flow approximation.
The main objective of this paper is to develop a methodology which combines the volumetric approach as proposed by §en (1985, 1996) with the time-dependent drawdown-variation equation for an observation well in a confined aquifer, in order to obtain general solutions of leaky aquifers with non-Darcian radial flows. The results are presented in the form of type-curve expressions which reduce completely to the already available Darcian flow, leaky aquifer solutions as a special case. Figure 1 shows two aquifers separated by an aquitard which transmits water between them. Prior to pumping, there is no water exchange between the aquifers, i.e. the piezometric level is in a static state. Herein, an infinitesimally small diameter well is assumed to fully penetrate the whole system, but is screened only within the bottom aquifer. Physically, during water withdrawal, the groundwater from the source bed leaks through the aquitard and then reaches the well. In order to simplify the analytical solution of the problem, the following assumptions are considered: (a) The aquifers and aquitard are homogeneous, isotropic, horizontal, areally extensive in every direction and have uniform thicknesses. The thicknesses of the aquifer and the aquitard will be denoted by m and m', respectively. (b) The hydraulic properties of the aquifer and aquitard are temporally and spatially invariable. The aquitard's elastic storage capacity is assumed negligible which implies that under transient flow conditions the leakage is proportional to the drawdown. This assumption is best for cases of small aquitard thickness compared to the aquifer thickness. The hydraulic conductivity of the aquitard is denoted by K'. (c) Flow in the aquifer toward the well is assumed to be non-Darcian obeying an exponential law. A concise literature survey on this law was presented by §en (1989) . However, for a detailed account of non-Darcian laws the reader is referred to Bear (1972) . The mathematical expression of exponential flow is given in its general form by Anandakrishnan & Varadarajulu (1963) as:
STATEMENT OF THE PROBLEM
L r -j Impervious layer
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(1) or in which v(r, t) and s(r, t) are, respectively, the specific discharge and drawdown at distance r and time t due to radial flow in the pumped aquifer. Constants k' and n are the coefficients of turbulent flow and the turbulence exponent, respectively. In practical applications, n has a value between 1 and 2 and n and k' are assumed to be constants even though the literature indicates that they are not. It is to be noted at this stage that k' has the dimension [LIT]" which will be useful later in the application section of this paper. (d) The piezometric head distribution in the source bed is not altered significantly during a water withdrawal. This assumption is often satisfied in practice with less than 5% error (Neuman & Witherspoon, 1969b) , because usually the aquifer part of the leaky system has a hydraulic conductivity at least two orders of magnitude greater than that of the aquitard.
ANALYTICAL SOLUTION
It is suggested herein to solve the non-Darcian flow problem in two stages by combining depression cone volume and observation well drawdown variation concepts. The fundamental view is that if the discharge coming from the elastic storage of the aquifer can be isolated from the leakage contribution, then the aquifer can be thought of as a confined aquifer with only elastic storage discharge contribution to the well.
The discharge balance equation in a leaky aquifer can be written as:
in which QA(Û and Qdt) are the time-dependent, elastic storage discharge and leakage discharge contribution from the adjacent aquitards to the constant pump discharge Q. §en (1985) expressed these discharges in terms of the depression-cone volume, V(f), as: 
where S is the storage coefficient of the pumped aquifer. The substitution of equations (3) and (4) into equation (2) leads to an ordinary linear equation:
the solution of which can be obtained easily from any standard textbook on calculus, e.g. Sokolnikoff & Redheffer (1966) , with the boundary condition V(0) = 0 leading to:
1 -exp -; ' m'S Finally, substitution of this expression into equations (3) and (4) gives:
With the use of these equations, provided that the aquifer storativity, aquitard thickness and hydraulic conductivity are known, one can easily calculate which proportion of the pumped discharge Q comes from the aquifer and which from the aquitard. It is worth noting that either for very thick (m'->°°) and/or for low hydraulic conductivity (K'->0) aquitards, Q L (t) tends to zero, which implies that all the withdrawal comes mainly from the elastic storage of the aquifer. Hence, under such circumstances, the leaky aquifer system behaves as a confined aquifer i.e. QA(0 = Q = constant. On the contrary, for very thin (m'-»0) and/or for high hydraulic conductivity (f'~>«) aquitards, the elastic storage discharge <2/i(0 tends to zero and almost all of the pumped discharge comes from leakage. With the distinctive isolation of the discharges, the aquifer can be treated mathematically as a confined aquifer but with time-dependent withdrawal from the well according to equation (7) only. In other words, the leaky aquifer problem becomes identical to that of confined aquifer but with variable discharge.
Observation-well drawdown variation
The second stage in the analytical solution algorithm involves finding the time drawdown variation expression at an observation well at a fixed radial distance (r = constant) in a confined aquifer which is fully penetrated by a well of infinitesimally small diameter and the flow obeys an exponential (non-Darcian) law. The general solution for such a situation has already been presented by §en (1989, equation (12) ) as:
where W(u, v), u, and v are the non-Darcian flow well function, the dimensionless time factor, and the dimensionless turbulence factor, respectively. Their explicit definitions are:
In order to obtain the time-drawdown variation expression, the integral in equation (9) can be differentiated with respect to u according to the Leibnitz rule, which gives:
However, if the purpose is to obtain temporal drawdown variations within an observation well, i.e. r = constant, then substitution of equations (10) and (11) into equation (13), after the necessary differential and algebraic manipulations, leads to:
The elastic discharge in equation (14) will be replaced by the discharge in equation (7) leading to:
Finally, integration of this equation with the boundary conditions s(r,0) = 0, gives nonDarcian leaky aquifer type curve expression as:
JL. exp 4 L x dx (16) n -3 j x in which x is a dummy variable similar to n and L is the leakage coefficient defined as:
It is possible to show that as «->1, the dimensionless turbulence factor v-»1, and the power term after the integration sign becomes e x , therefore: l,r 2 1
W(H,y) = f-
This is the type-curve expression already given by Hantush & Jacob (1955) 
TYPE CURVES
The solution to equation (16) for different sets of n, v, and rIL values is computed using Simpson's rule, and the results are compared with already existing special solutions for rIL = 0 as given by Sen (1989) . The agreement is very good with less than 1% relative error. Some representative type curves are presented in Fig. 2 for combinations of parameters. The Theis (1935) , and Hantush (1960) solutions are shown for comparison purposes. Figure 3 shows some examples from the leaky and nonleaky aquifer nonlinear flow type curves. Examination of these Figures leads to the following significant observations: (a) For small times i.e. M-»°°, the non-Darcian flow type curves for leaky aquifers merge with those for nonleaky confined aquifer curves for the same v values. Therefore early response of a leaky aquifer with non-Darcian flow cannot be distinguished from the confined aquifer response. This is due to the fact that at early times the leakage contribution is not significant and all the pumped discharge comes from the pumped aquifer elastic storage only. In fact, equations (7) and (8) Darcian flow type curves. (d) A common feature in all type curves is that for large times, irrespective of the v values, the curves are below the Theis type curve, which means that there are drawdown reductions due to leakage itself. Furthermore, contrary to the nonleaky aquifers as explained by Sen (1989) , an increase in v value gives rise to a decrease in the well function when the aquifer is leaky and this is possible if n > 1. (e) Deviations of nonlinear flow type curves for leaky aquifers from the linear flow solution (Hantush, 1960) increase proportionally to the deviation of v from 1 for any n. (f) It is significant to note from equation (12) that, during the same aquifer test, i.e. for the same pump discharge value, the turbulence factor becomes large for time drawdown data obtained from observation wells that are comparatively closer to the main well. This is tantamount to saying that nonlinearity effects the increase toward the main well. Therefore, the further apart the observation well is from the That is, the present solution W (u, v, rIL) does not converge to Hantush's solution unless n = 1, but it is assumed that n is a constant larger than 1. This indicates a limitation of the model, because in practice n-^1 when the distance from the pumping well increases.
APPLICATION
Numerical application of the methodology has been presented for the pumping test data obtained from an observation well in the northwestern sedimentary basin of the Kingdom of Saudi Arabia. The well fully penetrates the Saq sandstone which is one of the most common aquifers in the region. The thickness and porosity of the aquifer are 85 m and 0.35, respectively. The superficial deposits covering the area consist mainly of silt with variable proportions of pebbles from quartz gravel and limestone. The Saq sandstone is overlain by impervious basement complex rocks of Precambrian origin. However, it is underlain by a sequence of shale, clay and sandstone units of marine and continental origin. In some places this formation provides a confining layer for the Saq sandstone, otherwise it is semipervious constituting a leaky aquifer system with the Saq formation. Existence of pebbles and limestones within the Saq sandstone may cause nonlinear groundwater flow. The well is screened through the whole thickness of the Saq sandstone. The distance of the observation well to the centre of the main well is 40 m and the constant pump discharge is 0.6 m 3 min*" 
CONCLUSIONS
Analytical solution of groundwater flow in a leaky aquifer system has been derived for a non-Darcian flow law by combining the concepts of the depression cone volume and time-drawdown variation in an observation well located in a confined aquifer. The well has infinitesimally small diameter and fully penetrates the pumped aquifer. The solutions are presented as type curves for different sets of aquifer, aquitard, and flow parameters such as elastic storage coefficient and transmissivity of the aquifer, leakage factor of the aquitard in addition to the turbulence exponent and the coefficient of turbulence. Comparison of the type curves with existing solutions in the literature leads to the following significant conclusions: 1. There exists a multitude of curves for different sets of aquifer and nonlinear flow parameter combination. Any change in the pumped discharge, the radial distance to the observation well, or in leakage coefficient L, warrants different type curves. 2. For early time-drawdown data, leaky aquifer nonlinear-flow type curves coincide with the confined aquifer nonlinear curves as presented by Çen (1989) . This is tantamount to saying that the early portions of the type curves do not yield any clue about the leaky aquifer system or the flow regime. 3. The final portions of type curves are invariably horizontal indicating the leaky behaviour of the system considered. These portions are dependent on the leakage properties of the aquitard. At any fixed radial distance within the aquifer for small leakage coefficients these final portions are ranked in a descending order with no intersection between different curves in the same set whereas for large leakage coefficients they intersect each other with the reverse ranking of the final portions. 4. Decrease in the leakage coefficient affects the curvature in the moderate times; hence, the stronger the leakage, the quicker is the aquitard response to the pumping discharge. 5. Aquifer-parameter determinations for nonlinear flow are possible only from the early and moderate time drawdown data. 6. Deviations from the classical Theis and Hantush solutions increase with an increase in the turbulence exponent.
